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P(z)=h 37z2+(a+b)zfab admet 3 racines dans C telles que x1+xo+x3 = 1/h, 129+ x023+ 2321 = a+b, 12923 = ab.

b
P(0) <0, P(a) = ha® > 0,P(b) > 0,P(a+b) = —ab+ h(a+b)* < 0 dés que h < e EmP = 400 donc
o0

(a+0)°
b
si0< h < (aj—ib)?” les 3 racines sont réelles, avec x1 €]0,a],z2 € [b,a + b, 23 €]a + b, +o0.
3]
f est C' sur R? et f(a,0) = 0, a—i(a,O) =b—a # 0 donc sur un I x J tel que (a,0) € I x J,J =] — o, ],

_of of
Ooh'’ Ox

f(z,h) =0 <= 2 =x,(h) ot z; est C*(J). 21(0) = a et 2} (h) = et par récurrence z; est C* pour

tout k d’ol existence et forme du DL.
On a de méme x5(h) = b+ ... + o(h*) donc x3(h) = 1/h — 21 (h) — x2(h) = 1/h — (a 4+ b) — ... + o(h*) ce qui est
un développement asymptotique et x3 est C* sur |0, 5[.
Le changement de variable proposé donne f(z,h) = h(z — x1)(z — 22)(z — z3) = h(xs — x) cos® t((zo — 21)/2)*
/2 dt
donc l'intégrale devient / ﬁ (intégrale elliptique non calculable avec les fonctions élémentaires)
/2 T3 — X
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[ > restart;

[ >

[ > fi=h->(x-a)*(b-x)+h*x"3;

I f:=h - (x-a)(b-x)+hx’
[ > a:=1:b:=2:

[ > plot([f(0.01),f(0.02),f(0.05)],x=0..10,y=-10..1);

10

-10-
(> ar='ab:=b'p:=at+c[1]*h+c[2]*hn2+c[3*hA3+c[4]hn
I p:=a+c h+c,h*+c,h’+c, h’
[ > subs(x=p,f(h));
4 3 2 3
(c,h"+cyh”+c,h"+c h+a) h

-+ (g ht R+, W+ h) (¢ h' - ¢ h®-c,h*-c h+b-a)
> eq:=expand(subs(x=p,f(h)));




2
eq:=-c,ha+3c, h''c,-2¢,h'c;-2¢,h°c,-2¢,h°c,-2¢,h°c,-2¢,h'c,
2 2 2 2 3 3
-2¢,h’c,—¢c,h*a-ch*a-c,h*a-¢, h®-c, h°-c, h'-¢, h*+c, h®+c, h®
3 3 2
+c, h"+¢, h*+ha*+3¢, h?c,+6¢,h°c,a+6¢,h’c,c,+6¢,h’cyc,+6¢,h’c,c
+6c,hc,a+6¢c,h'c,a+6c,h°c,a+6¢,h’c,c,+6c,h’c,a+6¢c,h'c a
2 2 2 2 2 2
+3c, h'c,+3¢c, h’a+3¢,h"c; +3¢,h’c, +3¢,h'c, +3¢,h°a+3¢, h'c,
2 2 2 2 2 2
+3c, h’c,+3c, h'a+3c,h°c, +3¢c,h’c, +3c,h*a®+3¢c, h°c,+3c, h’a
2 2
. +3c,h°c] +3c,h*a®+3¢, hPa+3¢ hPa+c,h'b+c,h’b+c,h*b+c hb
[ > sys:={seq(coeff(eq,h,i),i=1..4)}

- 2_.72 3 2 2
sys:={3c,a"-¢c, —c,a+c,b,—cia+ta +c b,c;b-c;a+3c,a"-2¢c,¢c,+3¢; a,

—c, +3c 8%+, b+6c,ca+C, —Ca-2C,C}
> sol:=solve(sys,{c[1],c[2],c[3],c[4]});

sol :={c;=— 437(5323_1-53b+2123b2) 4 50 G273 a5(2261_3b)2 3’
a—-5ab+10a b"°-10a"b’+5b a-b a—-3ab+3ab”"-Db

_a _ a’(14a°>-63a°b+99ab’-55b%)
Cl_c':l—b’cra7—7a6b+21a5b2—3.5a4b3+35a3b4—21a2b5+7b6a—b7}

> pp:=subs(sol,p);
B a’(l4a’-63a’b+99ab’-55b°) h'
Pp-= a’-7a°b+21a°b*-35a*b’+35a°b* -21a% b+ 7h%a-b’
a’ (5a°-15ab+12b%*) h° a’(2a-3b)h’ a’h

+ + +
| a-5a'b+10a’b’-10a°b*+50b'a-b° a*-3a’b+3ab’-b> a-b
[ > a:=1:b:=2:plot(pp,h=0..0.1);

+ a
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> a:='a"b:='b"q:=1/h+cc[L]+cc[2]*h+cc[3]*hA2:

1 2
q ;:F+ccl+cc2h+CC3h
> h~2*subs(x=g,f(h));
h2

1 2 1 2 1 2 ’
F+ccl+cczh+cc3h -a b—F—ccl—cczh—cc3h +h F+ccl+cczh+cc3h
[ > eqq:=expand(h"2*subs(x=q,f(h)));

eqq:=6h°cc, cc, cc,—h*ab+h?cc, b+hacc, +hcc,b+h*cc,b+h’acce, + h'ace,
42 5 2 7 2 8 2 5 2 7 2
+3h"cc; cc,+3h°ce; cc;+3h' cc, cc;+3h”cc,cc; +3h7cc, cc, +3h' cc, ccy

2
+4h°cc,cc,+4h’cc, cc, + 4h'cc, cc, +hb+ha+h’cc, + hee, + h® cc, + 2 h* ¢,




+2hcc, +2hce, +hPec, +hce, +hP e,
ssys:={seq(coeff(eqq,h,i),i=1..3)};
ssys::{—ab+cc1b+accl+cc2+2cc12, cc2b+acc2+4cclccz+cc3+0013, b+a+cc}
ssol:=solve(ssys,{cc[1],cc[2],cc[3]});
ssol :={cc,=—ab-b*-a% cc;=-3ab’-2b°-3a°b-2a’ cc,=-b-a}

gg:=subs(ssol,q);

1

qq::F—b—a+(—ab—b2—a2) h+(-3ab’-2b*-3a’b-2a% h?

assume(x[1]<x[2],x[2]<x[3]):i:=simplify(int(1/sqrt( h*(x[3]-(x[1]
+X[2])/2-(X[2]-X[1])*sin(t)/2)),t=-Pi/2..Pi/2));

. !
2 Elli ptch(—m}
W/H X T X




